Motivated by the recent discovery of a new family of Chromium based superconductors, we consider a two-band model, where a band of electrons dispersing only in one direction interacts with a band of electrons dispersing in all three directions. Strong 2k f density fluctuations in the onedimensional band induces attractive interactions between the three-dimensional electrons, which, in turn makes the system superconducting. Solving the associated Eliashberg equations, we obtain a gap function which is peaked at the "poles" of the three-dimensional Fermi sphere, and decreases towards the "equator". When strong enough local repulsion is included, the gap actually changes sign around the "equator" and nodal rings are formed. These nodal rings manifest themselves in several experimentally observable quantities, some of which resemble unconventional observations in the newly discovered superconductors which motivated this work.
I. INTRODUCTION
Recent experiments [1] [2] [3] have discovered superconductivity in a new family of Chromium based compounds, K 2 Cr 3 As 3 , Rb 2 Cr 3 As 3 , and Cs 2 Cr 3 As 3 , which consist of well separated Cr 3 As 3 chains. As sometimes expected for one-dimensional systems, enhanced heat capacity [1, 4] and unusual nuclear magnetic resonance (NMR) measurements [5] in the normal state indicate that electron-electron interactions play an important role. In the superconducting phase, experiments show signatures of an unconventional pairing mechanism, with nodes in the gap function. Among these are the absence of a Hebel-Slichter peak in NMR measurements [5] , the linear decrease of the superfluid stiffness as seen in muon spin relaxation (µSR) [6] and penetration depth [7] experiments, and √ H increase in the specific heat [2] under an applied magnetic field H.
The electronic band structures of K 2 Cr 3 As 3 and Rb 2 Cr 3 As 3 have been calculated [8, 9] , using Density Functional Theory (DFT), which finds a single threedimensional (3D) Fermi-surface, and several quasi-onedimensional (Q1D) Fermi surfaces, with electronic dispersion primarily along the Cr 3 As 3 chains. Some of the Q1D Fermi surfaces nearly touch the 3D Fermi surface. We emphasize here the uniqueness of this band structure, as compared with other quasi-one-dimensional superconductors. While the electronic band structure is highly anisotropic in other Q1D superconductors [10, 11] , in the Chromium based superconductors, anisotropic Q1D bands coexist, and interact, with a conventional, 3D band. Motivated by this observation, we ask, what kind of superconductivity can arise from coupling between electrons in Q1D and 3D bands.
To answer this question, we introduce a simplified model, consisting of a single one-dimensional (1D) band, with dispersion in only one direction, and a 3D band which disperses isotropically in all directions. The 1D Fermi-surface sheets touch the Fermi sphere at its The 1D Fermi sheets touch the 3D Fermi sphere at its "north and south poles". A 2k f momentum transfer between the two 1D band sheets, is also an allowed momentum transfer between these points. Right: Gap function with nodal rings, plotted on the 3D Fermi shpere. Yellow-red regions indicate ∆(z) > 0, while blue indicates ∆(z) < 0. The gap nodes are depicted by the two white rings around the Fermi surface in the upper and lower hemispheres.
"north and south poles", as depicted in figure 1a. Onedimensional electronic systems exhibit enhanced density fluctuations with a wave vector 2k f where k f is the Fermi momentum. A 2k f wave vector also connects the two "poles" of the 3D Fermi sphere, allowing the 1D fluctuations to induce a strong attractive force between the opposite points. This effective attractive interaction is strongly dependent on momentum and energy, and can therefore give rise to pairing gap functions of an anisotropic d z 2 -wave nature, in addition to the more conventional uniform s-wave gap functions. Higher order functional forms are possible as well. When the local repulsion within the 3D band is strong enough to suppress s-wave superconductivity, a d z 2 -wave like gap function is expected to describe the leading supercoducting instability of the model. We show that indeed this is the case by numerically solving the Eliashberg equations for the effective interaction.
A gap function of a d z 2 -wave functional form is characterized by a change in sign as one moves away from the "poles" on the Fermi sphere, towards the "equator", see figure 1b . The points where the gap changes sign arXiv:1607.04300v1 [cond-mat.supr-con] 14 Jul 2016 form two gapless nodal rings in the upper and lower Fermi hemispheres. The presence of such nodes in the gap function, can manifest itself in various experimental signatures. We use the gap functions we obtained from solving the Eliashberg equations to show that our model is indeed expected to show unconventional behavior in NMR and superfluid stiffness measurements, similar to those observed in the Chromium based superconductors. Since our results rely on generic density-density interactions, the d z 2 -wave nodal ring pairing would be a viable candidate for the newly discovered superconducting phase in these materials.
II. 1D-3D COUPLED FERMI SURFACES
Consider a three-dimensional system with a band of spin half fermions (denoted by χ) dispersing only in one direction (k z ) and an additional band of spin half fermions (ψ) dispersing isotropically in all directions. The zero temperature imaginary time action of such a system is given by
where σ =↑, ↓. k f and m are, respectively, the Fermi momentum and fermion mass, which, we take to be identical for both bands. We further consider local density-density repulsion between the fermions, as given by
(2) Here, U sets the repulsion within the 3D band, V the repulsion between the two bands, and S 1D I allows for a general form of interactions within the 1D band.
In this paper we study the effect of these interactions on the 3D fermions, and therefore trace out the 1D fermions (we discuss the feedback of the 3D fermions onto the 1D band in Appendix A). The leading effect comes from the effective interaction between 3D fermions as obtained by second order perturbation in V ,
C(q, Ω) is the Fourier transform of the density-density correlation function of the 1D band,
In the absence of interactions,
where A is proportional to the Brillouin zone cross section, perpendicular to the k z axis. C 0 (q, Ω) has a logarithmic divergence for q z = ±2k f . When interactions within the 1D band are turned on, the χ fermions form a Luttinger liquid, with power law correlations. Had the 1D band been spinless, the 2k f divergence would have had the form,
where the effective Luttinger parameter K, as well as the velocity v associated with 1D charge fluctuations, are determined by the interaction terms in S
1D
I . However, in the spinfull case there are two velocities, v c and v σ , for charge and spin excitations, respectively. Generally, v c = v σ , and the exact form of the correlation function is unknown, due to a lack of Lorentz invariance [12, 13] . Nevertheless, we shall assume v c = v σ = v for simplicity. Qualitatively, our results depend only on the existence of enhanced 2k f interactions, while their exact form is less important. Starting from the non-interacting case, K = 1, the parameter K is still expected to decrease for stronger repulsion within the 1D band. Thus, the sharpness of the interaction is tuned by the strength of these repulsive forces.
III. THE ELIASHBERG EQUATIONS
The main purpose of this paper is to study the superconducting phase which can emerge from the effective interaction, Eq. (3). To do so, one must solve the associated Eliashberg equations, since, this interaction depends strongly on frequency. The task is somewhat simplified if one approximates the interaction by its projection onto the Fermi surface, i.e., by mapping momenta k onto their polar angles θ, measured with respect to the positive k z axis. Thus, the coupled finite temperature Eliashberg equations take the form
z = cos θ and z = cos θ denote directions on the Fermi surface, T is the temperature, g is a unitless coupling constant and λ is the unitless interaction function. Note that for density-density interactions such as we are considering here, the Eliashberg equations are identical for all singlet and triplet pairing channels. In the following we shall assume that λ takes the form
where Λ = v f k f is a high energy cutoff, and v f = k f /m. This form does not contain the exact Luttinger Liquid correlation function, but it contains a 2k f powerlaw divergence, which becomes logarithmic in the noninteracting case K → 1, and is always positive. Furthermore, consistency with the K → 1 limit sets g = Ak
The last term, with the unitlessŨ = U k 3 f /4πΛg, comes from the local repulsion within the 3D band. By solving the Eliashberg equations, Eqns. (7, 8) , one obtains the self energy Σ(z, iω n ) and pairing field Φ(z, iω n ), which we assume to be invariant under rotations about the k z axis, as a function of the temperature T , the effective Luttinger parameter K, and the coupling constants, g andŨ .
We begin by considering the self energy Σ(z, iω n ) in the absence of pairing. Setting Φ(z, iω n ) = 0, and taking the zero temperature limit, eq. (7) becomes
In order to determine whether one finds a diverging self energy in this model, it is convenient to calculate its derivative. The most diverging term takes the form ∂Σ/∂ω| ω=0 ∼ (1 ± z) 2K−1 , which indicates a diverging self energy at z = ±1 for K ≤ 1/2 (at K = 1/2 the divergence is logarithmic). Evaluating Σ(z, ω) itself at these points we find
(11) Consequently, we find that the renormalized quasiparticle weight, Z(z, ω) = (1 − ∂Σ(z, ω)/∂ω) −1 , vanishes at the "north and south poles" of the Fermi surface, which are connected by the divergent 2k f interaction. However, as far as pairing is concerned, the main effect of the non-Fermi-liquid behavior of these "hot spots", is to reduce the critical temperature, since, as we show later, these points are gapped in the superconducting phase.
Next, we address the Eliashberg equations in the superconducting phase. It turns out that it is not possible to obtain a triplet pairing solution, which requires Φ(−z, iω n ) = −Φ(z, iω n ). To see this, we set z = 1 in the RHS of Eq. (8), and note that the main contribution to the LHS comes from the vicinity of z = −1. At these points the two sides of the equation have the opposite sign, which demonstrates that there is no triplet solution. Physically, this can be traced back to the real space oscillations of the correlation function, C(r, τ ), with period 2k f . Whereas the on site effective interaction between opposite spin particles, generated by these fluctuations, is attractive, it is negative at a distance πk −1 f , which is the average distance between neighboring particles of identical spin. Thus, only singlet pairing is expected to emerge from this effective interaction. We note, however, that triplet pairing may arise from multi-orbital interactions when the orbital content varies as one goes around the Fermi surface. [14, 15] Finally, focusing on singlet pairing solutions, we used an iterative approach to solve for Σ(z, iω n ) and Φ(z, iω n ) at finite temperature. To do this we restricted the Matsubara sum to run only over frequencies below a fixed high energy cutoff, −Λ < ω n < Λ, and divided the z-axis into small segments δz. Typically, we took δz = 0.04.
As discussed in the introduction, the divergent effective interaction results in gap functions, ∆(z, iω n ) = Φ(z, iω n )/Z(z, iω n ) which depend strongly on the Fermi surface position z = cos θ, and unconventional superconducting phases may emerge. Generally, ∆ is peaked near the poles, z = ±1, and decreases as z → 0, or with in- creasing ω. Under some conditions, the pairing function exhibits nodal lines, defined as the collection of points on the Fermi surface where lim ω→0 ∆(z, ω) = 0. These occur when the local repulsionŨ is strong enough to suppress the uniform pairing, s-wave-like solutions, and favours d z 2 -wave-like solutions, with a pair of nodal rings at ±z 0 . Two example solutions are shown in Figure 2 .
IV. EXPERIMENTAL CONSEQUENCES
Unconventional pairing is often manifested in various experimentally observable quantities. In the following, we show how increasing the local repulsionŨ introduces nodal lines into the gap function ∆, which in turn dramatically effect several observables. Specifically, we use the zero frequency limit, ∆(z) ≡ lim ω→0 ∆(z, ω), as obtained from our numerical solutions of Eqns. (7, 8) , to approximately calculate the real time spin correlation fucntion χ 0 (q, ω) from which we obtain [16] the Knight shift, K S ∼ lim q→0 χ 0 (q, 0), and spin relaxation time T 1 , as given by
In addition we calculate the superfluid stiffness [17] tensor components, ρ xx and ρ zz , which are related to London penetration depth and µSR measurements. See Appendix B for details. In figure 3 we show results for several systems with K = 1/2 and varyingŨ = 0, 1/3, 1/2, 2/3, 1. For eachŨ we chose, respectively, g = 0.422, 0.885, 1.52, 2.4, 3.55 such that the critical temperature T c remained approximately the same, i.e., T c ≈ 0.002Λ, see fig. 3b . Fig. 3a depicts the low temperature gap function ∆(z), which exhibits nodal lines for U 0.6. When the repulsion in the 1D band is stronger, K decreases and the nodes appear for lower values of U . These nodes first appear at the "equator", z = 0, and move outward towards the "poles" asŨ is increased. Figure 3c shows 1/T 1 T as a function of temperature. Fully gapped Fermi surfaces exhibit a Hebel-Slichter peak below T c , due to constructive contribution of quasiparticles to the spin relaxation process, as given by the BCS coherence factors. In our model, the height of the peak decreases together with the gap minimum, until it vanishes when the nodal lines are formed at high enoughŨ . In conventional superconductors there is a drop in the Knight shift below T c . As evident from figure 3d, this drop becomes less steep for largerŨ . Finally, ρ xx and ρ zz decrease linearly with T at low temperatures when the gap function has nodes, while they remain roughly constant at low T when the system is fully gapped. The striking difference bwtween the T dependence of ρ xx and ρ zz , as seen in figures 3e,f, is due to the large anisotropy in the gap function, as one moves on the Fermi surface from the "poles", z = ±1, to the "equator", z = 0. Furthermore, a quasiclassical treatment [18] , as well as general scaling considerations [19] , indicate that, in the pres-ence of nodal lines, the magnetic field dependence of the specific heat is expected to follow √ H. This is attributed to the linear dependence of the quasiparticle density of states on energy.
V. DISCUSSION
The model considered in this paper, given by Eqns. (1) and (2), is a caricature of the more realistic models studied previously in the context of the new Cr based superconductors [8, 9, 14, 15] . It is therefore important to consider under what conditions our results hold, when the model is made more realistic. In our band structure, Eq. (1), there are two idealized features, namely, the of transverse dispersion in the 1D band, and the identical k f for both 1D and 3D bands. The former ensures the presence of divergent fluctuations together with the absence of long range order, while the latter enables the efficient coupling of the 3D band to the divergent fluctuations. Relaxing these approximations cuts-off the 2k f divergence in Eq. (3), making the effective interaction more modestly peaked. Qualitatively, this is not expected to change the superconducting phase, besides reducing T c and increasing the values ofŨ required to obtain a nodal ring in the gap function. Other details, such as deviations from a spherical Fermi surface and differences between the 3D Fermi and 1D Luttinger velocities, are also not expected to alter the qualitative picture. Ultimately, however, the addition of weak transverse dispersion in the 1D band, will make it susceptible to pairing at low enough temperatures, possibly independent of the pairing in the 3D band.
In the main text we have considered only the effect of density-density interactions between bands, Eq. (2), which, as discussed in Appendix A, are consistent with the assumption of Luttinger liquid correlations for the 1D electrons. Such terms are generic, and exist in any electronic system. On the other hand, additional interaction terms may exist, and if dominant enough may change the nature of the superconducting phase. Specifically, pair hopping terms are expected, in general, when the bands have a non trivial orbital content, or, due to a finite Hund's rule coupling between bands. These interaction terms would induce pairing in the 1D band by established pairing in the 3D band. Furthermore, similar conditions may give rise to triplet superconductivity, as obtained in Refs. [14, 15] . Nevertheless, our results are expected to hold when these additional terms are weak, and could be neglected.
In summary, we have studied the superconducting phase expected to arise from 2k f density fluctuations in a model of interacting 1D and 3D electrons. By solving the Eliashberg equations we have shown that strongly anisotropic singlet pairing forms on the 3D Fermi sphere. Nodal rings are formed in the gap functions when strong enough local repulsion is included. We have further shown that our simple model is sufficient to reproduce some of the striking experimental measurements in the Cr based superconductors, associated with the existence of nodal rings in the gap function.
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We are grateful to Sung-Sik Lee for useful discussion. This work was supported by the NSERC of Canada, the Canadian Institute for Advanced Research, and the Center for Quantum Materials at the University of Toronto. Coupling between 1D and 3D bands affects not only the electrons in the 3D band but also those in the 1D band. It is simpler to study this effect by visualizing the 1D band as a two-dimensional array of disconnected chains,
where i enumerates the chains. The effective densitydensity interaction obtained by integrating out the 3D fermions, to second order in V , is given by 
Here, Π ij (q, Ω) is defined as Π ij (q, Ω) ≡ drdτ Π(r i − r j + rẑ, τ )e iqr−iΩτ ,
where Π(r, τ ) is the density-density correlation function of the 3D fermions, and r i , r j are the two-dimensional coordinates of chains i and j. Within a chain, i = j, this effective interaction modifies the bare forward (q 0) and back(q 2k f )-scattering interaction terms. Nevertheless, Π ii (q, ω) is non-divergent and the 1D correlation functions are still expected to exhibit the power-law form of Eq. (6). On the other hand, the induced densitydensity interaction between chains, −V 2 Π ij (q, Ω), i = j, may, in principle lead to a charge-density ordered state. In this study, however, we assume that such tendencies are suppressed, for example, by long-range repulsion terms which we have not included explicitly in the model. Thus, for our purposes it is reasonable to neglect the induced coupling between chains.
We finally address the effect of 3D fluctuations on the dispersion of the 1D electrons. Referring again to the disconnected chains picture, we note that since the 1D Green's function obeys ψ1 i ψ 1 j ∼ δ ij , then also the self energy must obey Σ 1 ij ∼ δ ij . To see this it is sufficient to observe that all the diagrams in Σ 1 of any order contain only a single open fermion line, connecting the incoming and outgoing fermions. Consequently, the effective interaction does not induce dispersion which remains solely along the k z axis.
